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Values of l are determined for which there exist positive solutions of the second
D DŽ . Ž . Ž Ž Ž ...order differential equation on a measure chain, u t q la t f u s t s 0, t g
w x Ž . Ž Ž ..0, 1 , satisfying either the conjugate boundary conditions u 0 s u s 1 s 0 or
Ž . DŽ Ž ..the right focal boundary conditions u 0 s u s 1 s 0, where a and f are
Ž . Ž .f x f x
qpositive valued, and both lim and lim exist. Q 2000 Academicx “ 0 x “‘x x
Press
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1. INTRODUCTION
In this paper, we are concerned with determining intervals of eigenval-
ues for boundary value problems for certain second order nonlinear
differential equations on measure chains. Much recent attention has been
given to differential equations on measure chains, and we refer the reader
w xto 2, 5, 8 for some historical works as well as to the more recent papers
w x w x1, 6, 7 and the book 10 for excellent references on these types of
equations. Before introducing the problems of interest for this paper, we
present some definitions and notation which are common to the recent
literature. Our sources for this background material are the two papers by
w xErbe and Peterson 6, 7 .
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DEFINITIONS 1.1. Let T be a closed subset of R, and let T have the
subspace topology inherited from the Euclidean topology on R. For
t - sup T and r ) inf T , define the forward jump operator s and the
backward jump operator r, respectively, by
s t s inf t g T t ) t g T , 4Ž .
r r s sup t g T t - r g T , 4Ž .
Ž . Ž .for all t, r g T. If s t ) t, t is said to be right scattered, and if r r - r, r
Ž .is said to be left scattered. If s t s t, t is said to be right dense, and if
Ž .r r s r, r is said to be left dense.
ŽDEFINITIONS 1.2. For x: T “ R and t g T if t s sup T , assume t is
. Ž . DŽ .not left scattered , define the delta deri¤ati¤e of x t , x t , to be the
Ž .number when it exists with the property that, for any e ) 0, there is a
neighborhood U of t such that
Dx s t y x s y x t s t y s F e s t y s ,Ž . Ž . Ž . Ž . Ž .Ž .
Ž . D DŽ .for all s g U. The second delta deri¤ati¤e of x t is defined by x t s
Ž D .DŽ . DŽ . Ž .x t . If F t s h t , then define the integral by
t
h s D s s F t y F a .Ž . Ž . Ž .H
a
Throughout this paper, we assume T is a closed subset of R with
0, 1 g T.
w xDEFINITION 1.3. Define the closed interval 0, 1 in T by
<w x  40, 1 s t g T 0 F t F 1 .
Other closed, open, and half-open intervals in T are similarly defined.
In this paper, we are concerned with determining values of l for which
there exist positive solutions of the differential equation on a measure
chain,
D D w xu t q la t f u s t s 0, t g 0, 1 , 1.1Ž . Ž . Ž . Ž .Ž .Ž .
satisfying either the conjugate boundary conditions
u 0 s 0 s u s 1 1.2Ž . Ž . Ž .Ž .
or the right focal boundary conditions
u 0 s 0 s uD s 1 , 1.3Ž . Ž . Ž .Ž .
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where
Ž . q qA f : R “ R is continuous.
Ž . w Ž .x qB a: 0, s 1 “ R is continuous, and does not vanish identically
w Ž .xon any closed subinterval of 0, s 1 .
Ž . Ž .f x f xŽ . qC f s lim and f s lim both exist.0 x “ 0 ‘ x “‘x x
Ž . Ž . Ž Ž . Ž ..We remark that by a solution u of 1.1 , 1.2 respectively 1.1 , 1.3 ,
w 2Ž .x Ž . w x Ž .we mean u: 0, s 1 “ R, u satisfies 1.1 on 0, 1 , and u satisfies 1.2
Ž Ž ..respectively 1.3 . We further remark that, if u is a nonnegative solution
Ž . Ž . Ž . Ž . D DŽ . w xof 1.1 , 1.2 or 1.1 , 1.3 , then u t F 0 on 0, 1 , and we will say u is
w 2Ž .xconca¤e on 0, s 1 .
This paper constitutes an extension of the recent work by Erbe and
w x Ž . Ž .Peterson 7 in which they obtained positive solutions of both 1.1 , 1.2
Ž . Ž .and 1.1 , 1.3 , for all 0 - l - ‘, for the cases when either f is superlin-
Ž . Ž .ear f s 0 and f s ‘ or f is sublinear f s ‘ and f s 0 . The0 ‘ 0 ‘
w xsolutions obtained in 7 were found to belong to the intersection of a cone
with an annular type region.
w x Ž . Ž . Ž .As in 7 , our arguments for obtaining solutions of 1.1 , 1.2 and 1.1 ,
Ž .1.3 , for certain l, involve concavity properties of solutions which are
employed in defining a cone on which a positive integral operator is
w xdefined. A Krasnosel’skii fixed point theorem 11 is applied to yield
Ž . Ž . Ž . Ž .positive solutions of 1.1 , 1.2 and 1.1 , 1.3 for l belonging to an open
interval. These methods have been used successfully, in the cases when
Ž .1.1 is either an ordinary differential equation or a finite difference
equation, in finding eigenvalues for which there are positive solutions; see
w x4, 9, 12 .
In Section 2, we present some properties of a Green’s function associ-
Ž . Ž .ated with 1.1 , 1.2 that are used in defining a positive operator. We also
state the Krasnosel’skii fixed point theorem. In Section 3, we give an
appropriate Banach space and construct a cone on which we apply the
Ž . Ž .fixed point theorem yielding solutions of 1.1 , 1.2 , for an open interval of
eigenvalues. In Section 4, modifications are made from the constructions
in Sections 2 and 3 which are suitable for obtaining positive solutions of
Ž . Ž .1.1 , 1.3 for an open interval of eigenvalues.
2. SOME PRELIMINARIES
In this section, we state the above mentioned Krasnosel’skii fixed point
theorem. We will apply this fixed point theorem in the next section to a
Ž .completely continuous integral operator whose kernel, G t, s , is the
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Green’s function for
yyD D t s 0, 2.1Ž . Ž .
y 0 s 0 s y s 1 . 2.2Ž . Ž . Ž .Ž .
w xErbe and Peterson 7 have found
¡t s 1 y s sŽ . Ž .Ž .
, t F s,
s 1Ž .~G t , s s 2.3Ž . Ž .
s s s 1 y tŽ . Ž .Ž .
, s s F t ,Ž .¢ s 1Ž .
from which
G t , s ) 0, t , s g 0, s 1 = 0, 1 , 2.4Ž . Ž . Ž . Ž . Ž .Ž .
s s s 1 y s sŽ . Ž . Ž .Ž .
G t , s F G s s , s s ,Ž . Ž .Ž .
s 1Ž .
w xt g 0, s 1 , s g 0, 1 , 2.5Ž . Ž .
w xand it is also shown in 7 that
s s s 1 y s sŽ . Ž . Ž .Ž .
G t , s G kG s s , s s k ,Ž . Ž .Ž .
s 1Ž .
s 1 3s 1Ž . Ž . w xt g , , s g 0, 1 , 2.6Ž .
4 4
Ž .1 s 1where k s min , .½ 5Ž Ž . Ž ..4 4 s 1 y s 0
We will apply the following fixed point theorem which can be found in
w x w xthe book by Krasnosel’skii 11 as well as in the book by Deimling 3 .
THEOREM 2.1. Let B be a Banach space, and let P ; B be a cone in
B. Assume V , V are open subsets of B with 0 g V ; V ; V , and let1 2 1 1 2
T : P l V _ V “ PŽ .2 1
be a completely continuous operator such that either
Ž . 5 5 5 5 5 5 5 5i Tu F u , u g P l › V , and Tu G u , u g P l › V .1 2
Ž . 5 5 5 5 5 5 5 5ii Tu G u , u g P l › V , and Tu F u , u g P l › V .1 2
Ž .Then T has a fixed point in P l V _ V .2 1
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Ž . Ž .3. SOLUTIONS OF 1.1 , 1.2 IN A CONE
Ž .In this section, we apply Theorem 2.1 to the eigenvalue problem 1.1 ,
Ž . Ž .1.2 . Throughout this section, we assume s 1 is right dense so that
Ž . w 2Ž .x w Ž .xG t, s G 0, for t g 0, s 1 , s g 0, s 1 .
Ž . Ž .Remark 3.1. If we modify the boundary conditions 1.2 to u 0 s 0 s
Ž 2Ž ..u s 1 , and make the obvious modifications in the Green’s function G,
Ž .then we can omit the right density assumption on s 1 , and our results will
remain valid.
w Ž .xAssume also throughout this section that 0, s 1 is such that
s 1Ž .
<j s min t g T t G , and½ 54
3s 1Ž .
<v s max t g T t F½ 54
both exist and satisfy
s 1 3s 1Ž . Ž .
F j - v F ,
4 4
Ž . Ž . Ž . w xand if s v s 1, also assume s v - s 1 . Next, let t g j , v be
defined by
v v
G t , s a s D s s max G t , s a s D s. 3.1Ž . Ž . Ž . Ž . Ž .H H
w xtg j , vj j
Finally, we define
G s v , sŽ .Ž .
l s min , 3.2Ž .
G s s , sw Ž .x Ž .Ž .sg 0, s 1
and set
 4m s min k , l . 3.3Ž .
Ž . Ž . Ž .We note that u t is a solution of 1.1 , 1.2 , for a given l, if and only if
Ž .s 1 2u t s l G t , s a s f u s s D s, t g 0, s 1 .Ž . Ž . Ž . Ž . Ž .Ž .Ž .H
0
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 w 2Ž .x 4 5 5For our constructions, let B s x: 0, s 1 “ R , with norm x s
 < Ž . < w 2Ž .x4sup x t : t g 0, s 1 . Then, define the cone P ; B
2<P s x g B x t G 0 on 0, s 1 ,Ž . Ž .
5 5and x t G m x , for t g j , s v .Ž . Ž . 4
Ž . Ž . Ž .THEOREM 3.1. Assume that conditions A , B , and C are satisfied.
Then, for each l satisfying
1 s 1Ž .
- l - , 3.4Ž .v s Ž1.mH G t , s a s D sf H s s s 1 y s s a s D sfŽ . Ž . Ž . Ž . Ž . Ž .Ž .j ‘ 0 0
Ž . Ž .there exists at least one solution of 1.1 , 1.2 which belongs to P.
s s s 1 y s sŽ . Ž . Ž .Ž .Ž . Ž Ž . .Proof. We recall from 2.5 that G s s , s s . Now, let
s 1Ž .Ž .l be as in 3.4 and choose e ) 0 such that
1
vmH G t , s a s D s f y eŽ . Ž . Ž .j ‘
s 1Ž .
F l F .
s Ž1.H s s s 1 y s s a s D s f q eŽ . Ž . Ž . Ž . Ž .Ž .0 0
Define an integral operator T : P “ B by
Ž .s 1
Tu t s l G t , s a s f u s s D s, u g P , 3.5Ž . Ž . Ž . Ž . Ž .Ž .Ž .H
0
w 2Ž .xfor t g 0, s 1 . We seek a fixed point of T which belongs to P, and so
we first claim T : P “ P. From the nonnegativity of G and from assump-
Ž . Ž . Ž . w 2Ž .xtions A and B , if u g P, then Tu t G 0 on 0, s 1 . Next, if we
Ž .choose u g P, then from 2.5 ,
Ž .s 1
Tu t s l G t , s a s f u s s D sŽ . Ž . Ž . Ž .Ž .Ž .H
0
Ž .s 1F l G s s , s a s f u s s D s,Ž . Ž . Ž .Ž . Ž .Ž .H
0
and so
Ž .s 1
5 5Tu F l G s s , s a s f u s s D s. 3.6Ž . Ž . Ž . Ž .Ž . Ž .Ž .H
0
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Ž . Ž .So, from 2.6 and 3.6 , for u g P,
Ž .s 1
min Tu t s min l G t , s a s f u s s D sŽ . Ž . Ž . Ž .Ž .Ž .H
w x w xtg j , v tg j , v 0
Ž .s 1G l kG s s , s a s f u s s D sŽ . Ž . Ž .Ž . Ž .Ž .H
0
5 5G k Tu
5 5G m Tu ,
Ž .and from 3.2
Ž .s 1
Tu s v s l G s v , s a s f u s s D sŽ . Ž . Ž . Ž .Ž . Ž . Ž .Ž .H
0
Ž .s 1G l lG s s , s a s f u s s D sŽ . Ž . Ž .Ž . Ž .Ž .H
0
Ž .s 1G ml G s s , s a s f u s s D sŽ . Ž . Ž .Ž . Ž .Ž .H
0
5 5G m Tu .
Thus Tu g P, and we conclude T : P “ P. The standard arguments show
T is completely continuous.
Ž . Ž .Turning now to f , there exists an H ) 0 such that f x F f q e x,0 1 0
for 0 - x F H . Let1
< 5 5V s x g B x - H , 41 1
5 5 Ž .and then choose u g P with u s H . Then, from 2.5 and the assumed1
Ž . w 2Ž .xright density of s 1 , for t g 0, s 1 ,
Ž .s 1
Tu t F l G s s , s a s f u s s D sŽ . Ž . Ž . Ž .Ž . Ž .Ž .H
0
Ž .s 1F l G s s , s a s f q e u s s D sŽ . Ž . Ž . Ž .Ž . Ž .H 0
0
Ž .s 1
5 5F l G s s , s a s D s f q e uŽ . Ž . Ž .Ž .H 0
0
5 5F u .
5 5 5 5Thus, Tu F u , and in particular,
5 5 5 5Tu F u , for u g P l › V . 3.7Ž .1
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Ž . Ž .Considering next f , there exists an H ) 0 such that f x G f y e x,‘ 2 ‘
1 4for x G H . Let H s max 2 H , H , and let2 2 1 2m
< 5 5V s x g B x - H . 42 2
5 5 Ž . 5 5If u g P with u s H , then min u t G m u G H , and2 t gw j , v x 2
Ž .s 1
Tu t s l G t , s a s f u s s D sŽ . Ž . Ž . Ž .Ž .Ž .H
0
v
G l G t , s a s f u s s D sŽ . Ž . Ž .Ž .Ž .H
j
v
G l G t , s a s f y e u s s D sŽ . Ž . Ž . Ž .Ž .H ‘
j
v
5 5G ml G t , s a s D s f y e uŽ . Ž . Ž .H ‘
j
5 5G u .
5 5 5 5Thus, Tu G u , and we have
5 5 5 5Tu G u , for u g P l › V . 3.8Ž .2
Ž . Ž . Ž .Application of part i of Theorem 2.1 to 3.7 and 3.8 yields that T has
Ž .a fixed point u g P l V _ V . Such a fixed point u is a desired solution2 1
Ž . Ž .of 1.1 , 1.2 for the given l.
Ž . Ž . Ž .THEOREM 3.2. Assume that conditions A , B , and C are satisfied.
Then, for each l satisfying
1 s 1Ž .
- l - , 3.9Ž .v s Ž1.mH G t , s a s D sf H s s s 1 y s s a s D sfŽ . Ž . Ž . Ž . Ž . Ž .Ž .j 0 0 ‘
Ž . Ž .there exists at least one solution of 1.1 , 1.2 which belongs to P.
Ž .Proof. Let l be as in 3.9 and let e ) 0 such that
1
vmH G t , s a s D s f y eŽ . Ž . Ž .j 0
s 1Ž .
F l F .
s Ž1.H s s s 1 y s s a s D s f q eŽ . Ž . Ž . Ž . Ž .Ž .0 ‘
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Let T be the operator defined in Theorem 3.1.
Ž .From the definition of f , there exists an H ) 0 such that f x G0 1
Ž .f y e x, for 0 - x F H . Let0 1
< 5 5V s x g B x - H . 41 1
5 5Then, for u g P with u s H , we have1
Ž .s 1
Tu t s l G t , s a s f u s s D sŽ . Ž . Ž . Ž .Ž .Ž .H
0
v
G l G t , s a s f u s s D sŽ . Ž . Ž .Ž .Ž .H
j
v
G l G t , s a s f y e u s s D sŽ . Ž . Ž . Ž .Ž .H 0
j
v
5 5G ml G t , s a s D s f y e uŽ . Ž . Ž .H 0
j
5 5G u ,
5 5 5 5and so Tu G u . Hence
5 5 5 5Tu G u , for u g P l › V . 3.10Ž .1
Ž . Ž .As we turn to f , there exists an H ) 0 such that f x F f q e x, for‘ 2 ‘
Ž . Ž .all x G H . We consider the two cases in which a f is bounded and b f2
is unbounded.
Ž . Ž .For case a , suppose N ) 0 is such that f x F N, for all 0 - x - ‘.
 s Ž1. Ž Ž . . Ž . 4Let H s max 2 H , NlH G s s , s a s D s , and define2 1 0
< 5 5V s x g B x - H . 42 2
5 5Then, for u g P with u s H ,2
Ž .s 1
Tu t s l G t , s a s f u s s D sŽ . Ž . Ž . Ž .Ž .Ž .H
0
Ž .s 1F lN G s s , s a s D sŽ . Ž .Ž .H
0
5 5F u ,
and so
5 5 5 5Tu F u , for u g P l › V . 3.11Ž .2
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Ž .  4 Ž . Ž .For case b , let H ) max 2 H , H be such that f x F f H , for2 1 2 2
0 - x F H . Defining2
< 5 5V s x g B x - H , 42 2
5 5then choose u g P with u s H . We have2
Ž .s 1
Tu t F l G s s , s a s f u s s D sŽ . Ž . Ž . Ž .Ž . Ž .Ž .H
0
Ž .s 1F l G s s , s a s f H D sŽ . Ž . Ž .Ž .H 2
0
Ž .s 1F l G s s , s a s D s f q e HŽ . Ž . Ž .Ž .H ‘ 2
0
Ž .s 1
5 5s l G s s , s a s D s f q e uŽ . Ž . Ž .Ž .H ‘
0
5 5F u ,
and again
5 5 5 5Tu F u , for u g P l › V . 3.12Ž .2
Ž . Ž . Ž .So, in either of cases a or b , an application of part ii of Theorem 2.1
Ž . Ž . Ž .yields a solution of 1.1 , 1.2 which belongs to P l V _ V . The proof2 1
is complete.
Ž . Ž .4. SOLUTIONS OF 1.1 , 1.3 IN A CONE
In this section, we will apply Theorem 2.1 to a completely continuous
Ž .integral operator, whose kernel H t, s is the Green’s function for
yyD D t s 0, 4.1Ž . Ž .
y 0 s 0 s yD s 1 . 4.2Ž . Ž . Ž .Ž .
w xIn 7 , it is shown that
t , t F s,
H t , s s 4.3Ž . Ž .½ s s , s s F t ,Ž . Ž .
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and so
H t , s ) 0, t , s g 0, s 2 1 = 0, s 1 , 4.4Ž . Ž . Ž . Ž . Ž .Ž .Ž .
2H t , s F H s s , s s s s , t g 0, s 1 , s g 0, s 1 1 ,Ž . Ž . Ž . Ž . Ž .Ž .
4.5Ž .
and
1 s s s 1Ž . Ž . w xH t , s G H s s , s s , t g , s 1 , s g 0, 1 .Ž . Ž . Ž .Ž .
4 4 4
4.6Ž .
w Ž .xNext, assume 0, s 1 is such that
s 1Ž .
<j s min t g T t G½ 54
exists and satisfies
s 1Ž .
F j - 1.
4
w xLet n g j , 1 be defined by
1 1
H n , s a s D s s max H t , s a s D s. 4.7Ž . Ž . Ž . Ž . Ž .H H
w xtg j , 1j j
Finally, define
H s 1 , sŽ .Ž .
l s min , 4.8Ž .
s sw Ž .x Ž .sg 0, s 1
and set
1
m s min , l . 4.9Ž .½ 54
Ž . Ž . Ž .In the context of this section, u t is a solution of 1.1 , 1.3 , for a given
l, if and only if
Ž .s 1 2u t s l H t , s a s f u s s D s, t g 0, s 1 .Ž . Ž . Ž . Ž . Ž .Ž .Ž .H
0
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 w 2Ž .x 4 5 5As in the previous section, let B s x: 0, s 1 “ R with norm x s
< Ž . <2sup x t , and define a cone P byt gw0, s Ž1.x
2<P s x g B x t G 0 on 0, s 1 ,Ž . Ž .
5 5and x t G m x , for t g j , s 1 .Ž . Ž . 4
In analogy to the existence results of the previous section, we state two
Ž . Ž .theorems for positive solutions of 1.1 , 1.3 .
Ž . Ž . Ž .THEOREM 4.1. Assume that conditions A , B , and C are satisfied.
Then, for each l satisfying
1 1
- l - , 4.10Ž .1 s Ž1.mH H n , s a s D sf H s s a s D sfŽ . Ž . Ž . Ž .j ‘ 0 0
Ž . Ž .there exists at least one solution of 1.1 , 1.3 which belongs to P.
Ž . Ž . Ž .THEOREM 4.2. Assume that conditions A , B , and C are satisfied.
Then, for each l satisfying
1 1
- l - , 4.11Ž .1 s Ž1.mH H n , s a s D sf H s s a s D sfŽ . Ž . Ž . Ž .j 0 0 ‘
Ž . Ž .there exists at least one solution of 1.1 , 1.3 which belongs to P.
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